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Reasoning about ML models
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Reasoning about ML models
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(missing values) (fairness) (adversarial robust.)

...in the language of probabilities

413



Reasoning about ML models

[ p(%X0, X )dX,, . B o~ P(XelXs=0) (XCH OB Eon(0021,) [f(x +€)]

(missing values) (f;ll’ane s)i)lx =1 L (adversarial robust.)

it is crucial we compute them exactly and in polytimg!



Reasoning about ML models

Xor Jo(x
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Xe~p(Xe| Xs 1) 1 R
(missing values) (fairness) (adversarial robust.)

it is crucial we compute them tractably!
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Which structural properties

for complex reasoning

smooth + decomposable
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Which structural properties

for complex reasoning

smooth + decomposable compatibility decomposable
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The problem!
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“How uncertain will the
classifier be if some input is
missing?”

behaviors

to be inspected

ML models
(classifiers, generative
models, ...)

def var(p, f):

r = pow(f, 2)

t = mult(r, p)
| return integrate(t)
efficient &
reliable complex
reasoning routines
(fast routines to inspect
and guarantee a
ML system’s behavior)

How can we solve this engineering bottleneck?
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(De)composing queries

“What is the expected prediction for a patient with unavailable records?”

(% | %) RS (X0 %)
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(De)composing queries

“What is the expected prediction for a patient with unavailable records?”

(% | %) RS (X0 %)

“What's the expected variance?”

[ | o) IS (%0 Xm), )] — (0o | % B xo0)] .2)

15/48



(De)composing queries

“What is the expected prediction for a patient with unavailable records?”

(% | %) RS (X0 %)

“What's the expected variance?”

[P | ) IS (o) 2) | — Il ([ [ | o I ()] 2)

“How fair is the prediction is a certain protected attribute changes?”

x| X, = 0)EW/ (%, 0)] — W I | X = 1) ERS (. 1)]
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A language for queries

Integral expressions that can be formed by composing these operators

=—> many divergences and information-theoretic queries
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A language for queries

Integral expressions that can be formed by composing these operators

=—> many divergences and information-theoretic queries

Represented as higher-order computational graphs—pipelines—operating over circuits!
= re-using intermediate transformations across queries
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Tractable operators

smooth, decomposable
compatible
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Tractable operators

log 0

supp(p2) @

smooth, decomposable smooth, decomposable
deterministic
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To perform tractable integration we need s to be smooth and decomposable...
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hence we need p and 7 to be smooth, decomposable and compatible...
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therefore g must be smooth, decomposable and deterministic...
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we can compute XIENT tractably if p and g are smooth, decomposable, compatible
and q is deterministic...



Query

Tract. Conditions

Hardness

CROSS ENTROPY
SHANNON ENTROPY

RENYI ENTROPY

MUTUAL INFORMATION

KULLBACK-LEIBLER DI1V.

RENYI’S ALPHA DIV.

ITAKURA-SAITO DIV.
CAUCHY-SCHWARZ DIV.

SQUARED LOSS

~[p(x) log q(x) dX
—>"p(z)log p(x)
(1-a)tlog [p*(z) dX,a €N
(1—a)~ llogfp () dX, 0 e Ry
Jp(z,y)log(p(x, y)/(p(x)p (y)))

fP(E)IOg(P( )/‘1( ))dX
(1-a) 1logfp (:c *(x)dX, 0 € N
(1— o)~ tlog [p* (:1: I=a(g) dX, a € R
[lp(x)/q(x) —log(p(x)/q(x)) — 1]d X

_ p I)q x)dX
IOg VP (=)dX [¢?(z)dX
J(p(x) —q(x))?d X

Cmp, g Det
Sm, Dec, Det
SD

Sm, Dec, Det
Sm, SD, Det*
Cmp, Det
Cmp, g Det
Cmp, Det
Cmp, Det

Cmp
Cmp

#P-hard w/o Det
coNP-hard w/o Det
#P-hard w/o SD
#P-hard w/o Det
coNP-hard w/o SD
#P-hard w/o Det
#P-hard w/o Det
#P-hard w/o Det
#P-hard w/o Det

#P-hard w/o Cmp
#P-hard w/o Cmp

compositionally derive the tractability of many more queries

Vergari et al., “A Compositional Atlas of Tractable Circuit Operations for Probabilistic Inference”,

NeurlPS, 2021
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Tract. Conditions

Hardness
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Sm, Dec, Det
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Cmp, Det
Cmp, Det

Cmp
Cmp

#P-hard w/o Det
coNP-hard w/o Det
#P-hard w/o SD
#P-hard w/o Det
coNP-hard w/o SD
#P-hard w/o Det
#P-hard w/o Det
#P-hard w/o Det
#P-hard w/o Det

#P-hard w/o Cmp
#P-hard w/o Cmp

and prove hardness when some input properties are not satisfied

Vergari et al., “A Compositional Atlas of Tractable Circuit Operations for Probabilistic Inference”,

NeurlPS, 2021
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cirkit

from cirkit.symbolic.functional import integrate, multiply

def expectation(p, f):
i = multiply(p, f)
return integrate(i)

def squared_loss(p, q): # \int (p - ¢) 2
p2 = multiply(p, p)
q2 = multiply(q, q)
pq = multiply(p, q)
return integrate(p2) + integrate(q2) -2*integrate(pq)
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so far...



oh mixtures, you're so fine you blow my mind!

image taken from Hao Tang's course on ASR 31ss
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p(X) — Zl wipi (X)

“if someone publishes a paper on model A, there will be a paper about
mixtures of A soon with high probability” A. Vergari
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expressive efficiency
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expressive efficiency

an exponential number of mixture components!
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K
co(X) = Zi:l w;ic;(X), with w; >0, Zi:l w; =1

image taken from Hao Tang's course on ASR 35/



K K
C(X)=Z4 1wici(X), with w; > 0, Z}_ w; = 1

1=

image taken from Hao Tang's course on ASR 35/
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however...

GMM (K = 2)
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however...

GMM (K = 2) GMM (K = 16)
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however...

GMM (K =2) GMM((K = 16) nGMM? (K = 2)
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shallow mixtures

with negative parameters

can be exponentially more compact than
deep ones with positive ones.

Loconte et al., “Subtractive Mixture Models via Squaring: Representation and Learning”, ICLR, 2024 3718



subtractive MMs as circuits

a non-monotonic smooth and (structured)
decomposable circuit
=> possibly with negative outputs

K
oX) = Zi:l w;c; (X)), w; € R,

3848



squaring shallow MMs

A(X) = (ZK wicz-(X)>2

=1

=—> ensure non-negative output
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squaring shallow MMs
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squaring shallow MMs

200 = (Y7 w0

i=1

=3 e (X)o(X)

still a smooth and (str) decomposable PC with O(KQ) components!
—> butstill O(K') parameters
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how to efficiently square (and renormalize) a deep PC?

Loconte et al., “Subtractive Mixture Models via Squaring: Representation and Learning”, ICLR, 2024 A8



squaring deep PCs

the tensorized way

4213



squaring deep PCs

the tensorized way

squaring a circuit = to squaring layers

4213



how more expressive?

for the ML crowd
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more that a single square?
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isd — AEZ p
cm 2 _
(Theorem 5)
(Proposition 2)
. «SUM «UDISJ
Open Question 1 (Theorem 1) (Theorem 0)
o «UPS UTQ
Open Question 2 (Theorem 2) (Theorem B.3)

SOS circuits are more expressive

Loconte, Mengel, and Vergari, “Sum of Squares Circuits”, arXiv, 2024 452



BPD MNIST BPD CelebA
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complex circuits are SOS (and scale better!)

Loconte, Mengel, and Vergari, “Sum of Squares Circuits”, arXiv, 2024
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cirkit

learning & reasoning with circuits in pytorch
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questions?
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